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equation 

A d i f fe rence  analog of a boundary  condition of the th i rd  kind is  obtained. By in tegra t ing  
the hea t -conduct ion  equation numer i ca l ly  the su r face  t e m p e r a ~ r e  can  be ca lcula ted  with 
an e r r o r  of the fourth o r d e r  of s m a l l n e s s  in the s ize  of the space  s tep.  

A number  of  f o rm u l a s  have been obtained for ~he numer i ca l  in tegra t ion  of the heat -conduct ion 

at a2/ 
- a - -  (0 .< x <~ 2R) (1) 

a~ ax 2 

by the ne t -poin t  method which,  aceord ing  to the c lass i f ica t ion  effaployed by 8aul 'ev  [1], belong to the do-  
ma in  of h igher  a c c u r a c y ,  s ince the e r r o r  in the solution for  the inner nodes of the net is of  the o r d e r  O(h4). 
Some of these  expl ici t  type fo rmulas  a r e  given in [1, 2]. 

The use  of such f o r m a l a s  for  boundary conditions of  the f i r s t  kind leads  to an apprec iab le  saving of 
ealculat ional  e f for t  as  c o m p a r e d  with fo rmu la s  which belong to the domain of op t imum (ordinary) a c cu racy  
accord ing  to the s a m e  c lass i f ica t ion .  

However ,  if boundary conditions of the third kind a r e  r ep laced  by d i f ference  analogs  giving a lower  
a c c u r a c y  than conditions applied at  the inner  nodes ,  the a c c u r a c y  of the solution of the whole d i f ference  
s cheme  will inevi tably be  diminished.  

T h e r e f o r e  it is v e r y  n e c e s s a r y  to invest igate  m o r e  accura t e  approx imat ions  of boundary  conditions 
of  the th i rd  kind. Samar sk i i  [3] p r e s en t s  d i f ference  analogs of boundary condit ions of the th i rd  kind which 
give an approx imat ion  of the second o rde r  of s m a l l n e s s  in h, and s c h e m e s  p re sen t ed  in [4] give an ap p ro x i -  
ma t ion  of the o r d e r  O(/2 + h4). The di f ference  analog of a boundary condition of the th i rd  kind of Vit~cek 
[5] for  an explici t  s cheme  has  an approx imat ion  e r r o r  of the o r d e r  O(h4), but the e r r o r  of the solution in 
us ing  this fo rmu la ,  i .e . ,  the d i f ference  to, k - d o ,  k is only of the o rde r  O(h2), as was pointed out by Vit~eek 
h i m s e l f  [5]. 

An expl ici t  fo rmula  i s  p re sen ted  in [6] for  calculat ing the t e m p e r a t u r e  a t  su r face  nodes,  giving an 
a c c u r a c y  of the th i rd  o r d e r  of s m a l l n e s s  in h. This  expl ici t  one - s t ep  fo rmula  has  the fo rm 

3 Z ) 0,1~.i = 20,o,, ' _, 0,1 ~ a h  f (k! -- l) (2) 

and a s s u m e s  that  the s i zes  of the space  and t ime  s teps  a r e  r e l a t ed  by 6a l  = h 2, and the re fo re  to ca lcula te  
the t e m p e r a t u r e  a t  in ternal  nodes it is n e c e s s a r y  to use  a lso  the expl ici t  h igher  a c c u r a c y  fo rmula  of 
Mikeladze and Panov 

6~i,~+1 = ~_,_,~ ,'-- 4~,k -~ ~i+1,~:. (3) 

The d i f fe rence  s chem e  (2)-(3) has  the m e r i t s  of explici t  s chemes  and leads  to solut ions with an e r r o r  

o(h3). 
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In  the p r e s e n t  a r t i c l e ,  which is  an  extension of [6], we p r e s e n t  a t h r ee -po in t  calculat ional  fo rmula  
of  the expl ici t  type giving an a c c u r a c y  of the fourth o r d e r  of s m a l l n e s s  of h. 

We invest igate  the s imp le s t  one-d imens iona l  case  of the hea t -conduct ion  equation (1) with a boundary  
condition of the th i rd  kind with a va r i ab l e  t e m p e r a t u r e  of the med ium 

j a t  ~ = ~, it (o, "0 - f (',)] (4) 

using the usual  r e c t angu la r  net .  

2. Using T a y l o r ' s  t heo rem  we can  wr i t e  

Oto,~ l �9 O~to,k 
to, k = to,h+ 1 - 1  Ox 2 Or ~ _L O (p), 

f(kl) f (k l  , l ) _ l r ( k t ) _  l* f . (M)+O(13 ) ,  
2 

Oto, k t t , h - -  t-l,~ h" OSto,h h 4 05to.~ 
'Ox  = 2h 2 ax 3 120 Ox ~ +O(hn)" 

We r e w r i t e  the boundary condition (4) for  nodes on the l e f t -hand  boundary in the f o r m  

o,o,, o [ ( , _ p )  , ] 
Ox - T  ~ t o , , T ~ t o ,  h -  1 - -  i(kll - - ~ f ( k l )  . 

where  
h 2 

al 

(5) 

(6) 

Then  us ing  (5) 

t l ,  h - -  t_l,.i~ 

2h 

_ _  pl  Oto,~ Pl 2 ~ ~ 
' P t o ' k + x - - T  0~ 12 Or ~ 6 

,. o.;o... ,. o [ ( , _  
-6 Ox 3 t20 Ox ~- - O (h ~) = ?---~- 

v,  v,  
o r  

, Np 
' 3 f (kl -- t) + 3 Ox 3 ' 3 O~ 3 . -66 ~ 6 0~"- 

N pP . !] 
.6__ ~ (kt - :  O(h'), (7) 

where  

N =  a h  " 
2~ 

Since i t  follows f rom the d i f ferent ia l  equation (1) that  

O3t l a / at \ 

the f i r s t  square  b r a c k e t  for  any x in (7) t akes  the f o r m  

h 3 [ i n t  ~ a t (  _ f , ( T ) ) ] =  h3 ~ [ at ~ (t--f (x))] 
3 Ox ~ a~ (o-~ 3a o~ Ox z 

and van ishes  a t  x = 0 by boundary condition (4), a s suming  the di f ferent iabi l i ty  of the functions involved to 

the r equ i red  o rde r .  

We show that  the second square  b r acke t  in (7), which can be r ewr i t t en  in the fo rm 

60 [ Ox 5 pXa 2 ~ ~ - -  f" (kl) , 

van i shes  only when p = 10. I t  follows f r o m  (1) that 

~ t  1 02 { Ot 

Ox~ a ~ Ox~ k Ox J 

(8) 
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and t h e r e f o r e  

ax ~ p~a" ~ O~ ~ 

which  v a n i s h e s  a t  x = 0 only  when  p = 10. 

T h u s  f o r  p = 10 Eq .  (7) can  be w r i t t e n  in the  f o r m  

l" (*) = a' &~ o .  p ~ -  ' 

3 .  

which  fo r  p = 10 g ives  an  e r r o r  in the so lu t ion  of the  o r d e r  O(h4). 

We have  s e t  up the fo l lowing exp l i c i t  t h r e e - p o i n t  f o r m u l a  s p e c i f i c a l l y  fo r  th is  c a s e  

50ti,~+~ 4ti,~_~ -]- 34ti,j~ + 3 (t~_~, k + t~+l,h -k fi-l,h-1 + t~+i,~_1) -r' R~,~. (10) 

An a p p r o p r i a t e  i nves t i ga t i on  shows  tha t  the r e m a i n d e r  R i , k  is  of  the s ix th  o r d e r  of  s m a l l n e s s  in h. 

I t  c a n  be shown tha t  w h e n  the e r r o r  a t  the nodes  of  the f i r s t  two r o w s  (for r = 0 and  r = l)  and  on the 
b o u n d a r y  l ines  x = 0 and  x = 2R is  no l o w e r  than  the four th  o r d e r  of  s m a l l n e s s  in h, the a c c u r a c y  of  the  
so lu t ion  g iven  by the a p p r o x i m a t e  f o r m u l a  

500'~,k+1 = 40i,k_l ~- 34~i,~ -i- 3 (@i-l,k -i- @~+1,'~ -~- @i-l,h-1 + @i+1,~-1), (11) 

wi l l  a l s o  be  of  the fou r th  o r d e r  of  s m a l l n e s s  in h,  and f r o m  the inequal i ty  

] ti,~ - -  ~i,l~ t ~ Bh  4, 

w h e r e  B does  not  depend  on h,  the  a p p r o x i m a t e  so lu t ion  m u s t  c o n v e r g e  to the e x a c t  so lu t ion .  

T h e  d e r i v a t i o n  is  not p r e s e n t e d  h e r e  b e c a u s e  of  l i m i t a t i o n s  on the length  of  the a r t i c l e .  Equa t ion  
(10) fo r  i = 0, i . e . ,  on the l e f t - h a n d  bounda ry ,  t a k e s  the f o r m  

50to,~+x ---- 4to,n_1 -I- 34to,h + 3 (t_w~ § tl, ~ + t_w,_ 1 __ tl, l~_ 1) + 0 (h~). (12) 

We subs t i t u t e  t_ l ,  k f r o m  (9) into the l a s t  equa t ion  and for  t i , k _  i the va lue  ob ta ined  f r o m  (9) by  r e p l a c i n g  
k by  k - 1 .  T h e n  

(25 + 5N) to3 , ~ = (2 -+- 2N) t~,~,_~ -i- (17 - -  3N) to,,~ .= 3tt, k ,--' 3/x,a_ t - -  2Nf  (kl - -  I) .~- 3N[ (kl) + 5f (kl + t) -+- 0 (hn). (13) 

D i s c a r d i n g  the  r e m a i n d e r  in (13) we  ob ta in  the  f o r m u l a  

(25 -~- 5N) ~o,n§ = (2 -!- 2N) ~o,nft -i- (17 - -  3N) 0o, a .'--3~,~, -~- 3~x,~_ ~ - -  2N{ (kl - -  1) -~- 3 N f  (kl) - -  5[ (kl -~ l). (14) 

Sub t r ac t i ng  (14) f r o m  (13) we  ob ta in  

(25 + 5N) ~o,n+l= (2+2N) ~,n-~ + (17 - -  3N) ~o,~(i- 3~,,n+ 3~,~,_~ -~- Ro,~, (15) 

w h e r e  ~ i , k  is  the  d i f f e r e n c e  t i , k - ~ i ,  k.  Denot ing  by  5 k a n u m b e r  not  s m a l l e r  than  the m a x i m u m  abso lu t e  
va lue  of  ~ a t  al l  nodes  on the  l ine  T = k / ,  and not ing that  the r e m a i n d e r  R0, k s a t i s f i e s  the  inequal i ty  

t Ro,~: l < ( 2 5  + 5N) Alh ~ 

(A > 0 does  not  depend  on ! and  h) Eq.  (15) can  be r e p l a c e d  by 

5 ~- 2N 20 -!- 3N 6~. -:- AIhL (16) 

A s s u m i n g  tha t  the m a x i m u m  abso lu t e  e r r o r  a t  the nodes  on the l ines  ~- = 0 and v = l a r e  the s a m e  
(61 = 50) and not  l o w e r  than  the four th  o r d e r  of  s m a l l n e s s  in h, we ob ta in  f r o m  (16) fo r  k = 1 

1~0,~ 1 ~ ~o + Alh~ = ~"." 

Set t ing  k = 2, 3 . . . . .  i n  (16) we  have  

5 -~- 2N _~_ 20 -I- 3____~N . , 
1~o,:~1"~ 2 5 + 5 N .  5~ 2 5 + 5 N  ( 5 ~ 1 7 6  

20 -" 3N _ , 5 + 2N 6~ 1' I ~o,, I < 25 -~, 5N 2 5 ~ ~ 63 ~ All?  < 6o -I- 3Ath ~ = 6,, 

�9 . . . .  , �9 �9 , , . . . . . . . . . . .  ~ . . . .  ~ * * 

t_i,~ = tl.~ + -~ -  t . , ,~- - - U -  to,~+, - T (kt) + [ (kt + 0 + o (h'). (9) 

To ca l cu l a t e  t i ,  k a t  the inne r  nodes  it  is  obv ious ly  n e c e s s a r y  to u s e  a f o r m u l a  of  h ighe r  a c c u r a c y  
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T A B L E  1. Values  o f  the T e m p e r a t u r e  at  the Nodes  

Fo 

0,500 
0,250 
0,100 
0,075 
0,050 
0,025 
0 

L-~1 

O, 1657, 
0,2518 
0,3649 
0,4054 
0,4582 
0,5536 
0,6612 

L = O  , 5 

0,4432 
0,6636 
0,8628 
0,9053 
0,9487 
0~9939 
! ,0000 

L=O 

0,5493 
0,8126 
0,9774 
0,9926 
0,9993 
1,0000 
1,0000 

I t~,,+~ t < 60 + kAlh 4 = 6o + ~*Ah', 

w h e r e  T* = kl  i s  f ini te .  T h e r e f o r e  we c a n  w r i t e  

1 ~o,k+x] < Chd, (17) 

w h e r e  C > 0 and d o e s  not  depend on h. 

F r o m  inequal i ty  (17) t h e r e  fol lows not  only  the c o n v e r g e n c e  o f  the a p p r o x i m a t e  so lu t ion  to the exac t ,  
i . e . ,  

limbo, k = to, ~, 

but  a l s o  the p r o o f  tha t  the a c c u r a c y  of  the so lu t ion  obta ined  by Eq.  (14) will  be of  the four th  o r d e r  of  s m a l l -  
n e s s  in h.  

A f o r m u l a  ana logous  to (14) c a n  be wr i t t en  fo r  the r i g h t - h a n d  boundary .  

The  s imu l t aneous  app l ica t ion  of  i l l )  and (14) g ives  the m o s t  a c c u r a t e  d i f f e rence  s c h e m e  of  the e x -  
p l i c i t  type  known to the au thor .  

4.  We i l l u s t r a t e  the above by an  example  of the cool ing  o f  a f ia t  wal l  of  t h i ckness  2R hav ing  a con-  
s t an t  init ial  t e m p e r a t u r e  in a m e d i u m  of  cons t an t  t e m p e r a t u r e .  By  c o n s i d e r i n g  t h e  s y m m e t r i c a l  p r o b l e m ,  
f o r  which  the s o l u t i o n  is  well  known [7], we  can  c o m p a r e  the a p p r o x i m a t e  and exac t  so lu t ions .  

We r e w r i t e  the f o r m u l a s  in d i m e n s i o n l e s s  f o r m ,  in t roduc ing  the convent iona l  notat ion.  

Equa t ion  (1) t akes  the f o r m  
O0 O~O 

( t -~.. L ~  1), (18) 
0 Fo OL" 

and s t eps  a long  the Fo  and  L axes  wil l  be AL = 2 / n ;  AFo = 4 / p n  2. 

Since N = 2 B i / n  and J i , k  = tc + ( t o - t c ) u i , k  we  have ins tead  of  Eqs .  (11) and (14) 

50ui,~+ 1 = 4ui,1,_1 "- 34ui, ~ --~- 3 (ui_x, n -~- ui+l,~ + u~-l,~,-x -'- u~+1,~,-1), (19) 

25  + - 2 - - -  1.0, -1 ) . o , .  + 
I g  / t / ,  - 

If ,  f o r  e x a m p l e ,  we  take Bi  = 4 and n = 4 we obta in  ins t ead  of  (20) 

35u0,1,+1 -- 6u0,k_l - ~ 1 lu0,~ ~ -r 3 (Ul,h -k UW,_I)- (21) 

Since the whole  t h i cknes s  of  the wal l  is d ivided into only  fou r  p a r t s ,  the s y m m e t r y  o f  the p r o b l e m  
shows  that  i t  i s  suf f ic ien t  to ca lcu la t e  the  t e m p e r a t u r e  in e a c h  l a y e r  at  only  t h r e e  nodes :  on  the s u r f a c e  
(L = 1), i n t h e  c e n t r a l  p lane  (L = 0), and at  L = 0.5. In this  c a s e  AL = 0.5, &Fo = 4 / 1 0 . 4 2  = 0.025. 

To avoid  e x c e s s i v e  e r r o r s  at  the beginning of  the ca l cu l a t i ons  we took the va lue s  of  the t e m p e r a t u r e  
f o r  Fo = 0.025 f r o m  the f o r m u l a  d e r i v e d  by us ing  the infinite i n t eg ra l  Lap l ace  t r a n s f o r m  (for smal l  va lues  
of  Fo) c i t ed  in the m o n o g r a p h  of  L y k o v  [7]. I n  our  nota t ion it t akes  the f o r m  

O j,1 = err 2 k p )  ~ 2 r  

_e f f c  ( n - ] ) V ' ~  --exp [N (n--]) -- -~-] erfc [ (n--]) v/-P + ~ ]  2 2 " 
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H e r e  j denotes  the number  of the node counting f r o m  the su r face .  Having calcula ted  00. 2 = 0.4582 b e f o r e -  
hand we de t e rmine  u0. 0 = 0.6612 f rom (21). The l a t t e r  value is needed to find ul. 2 = 0.9487. 

The beginning of  the ca lcula t ions  is shown in Table  1. 

By compar ing  the va lues  obtained for  Fo = 0.5 with the exact  solution we e s t ima te  the re la t ive  e r r o r  
a s  0.5%. 

We note,  however ,  that  i f  we had taken a rougher  value for  u0. 0 the d ivergence ,  which is apprec iab le  
a t  the beginning of the ca lcula t ions ,  would be gradual ly  smoothed out. 

t 

T 
X 

tc = f(T) 
n 

h = 2R/n 
l 

t i , k  

~ i , k  
t - l , k  
~ t i , k / 0 T  = { 0 t / % v } x = i h ,  

T=kl" 
0 2 t i , k / 0 x  2 = { a2t/~X2}x = ha ; 

r=k/ 

to 
0 = (t-tc)/(%-tc); 

ui,  k = ( , ~ i . k - t c ) / ( t o - t c ) ;  
L = x / R ;  
Fo = ~ r / R 2 ;  
Bi = aR/;%. 

NOTATION 

i s  the t e m p e r a t u r e ;  
i s  the t ime ;  
i s  the coordinate ;  
i s  the t he rm a l  diffusivi ty;  
is  the h e a t - t r a n s f e r  coeff icient ;  
is the t h e r m a l  conductivi ty;  
is  the ambien t  t e m p e r a t u r e ;  
is the number  of divis ions  of  the in te rva l  [0, 2R]; 
i s  the s ize  of the space  s tep;  
is  
is  
i s  
is  

the s ize  of the t ime  s tep;  
the exact  t e m p e r a t u r e  a t  x = ih, T = kl  ; 
the approx ima te  t e m p e r a t u r e  a t x  = ha. r = kl  ; 
the t e m p e r a t u r e  a t  an auxi l ia ry  node a d is tance  h f rom the su r face ;  

is  the init ial  t e m p e r a t u r e ;  
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